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ON SUPNORM ESTIMATES FOR ∂ ON INFINITE TYPE
CONVEX DOMAINS IN C2
JOHN ERIK FORNÆSS, LINA LEE, YUAN ZHANG
Abstrat. In this paper, we study the ∂ equation on some onvex domains
of innite type in C2. In detail, we prove that sup norm estimates hold for
innite exponential type domains provided the exponent is less than 1.
1. Introdution
Let Ω be a smooth bounded domain in Cn. Given a smooth ∂ losed (0, 1)-form
f , one fundamental question is to study the supnorm estimates for the solutions
of ∂u = f . A positive answer is well known when Ω is stritly onvex or strongly
pseudoonvex, by onstruting integral formulas for ∂ equations. Supnorm and
Hölder estimates have been established by Grauert and Lieb [3℄, Henkin [4℄ and
Kerzman [8℄ et. Indeed, supnorm and Hölder estimates with order
1
m still hold
if Ω ⊂ Cn is onvex of nite type with type m (see [1℄ [2℄). However, for innite
type onvex domains, even supnorm estimates are still unknown. We disuss in
this paper some examples of onvex domains of innite type in C2. In partiular,
for the bidisk rounded o by innite exponential type hypersurfae, we prove if the
exponent is less than 1, the solutions given by the integral representation to the ∂
equations have supnorm estimates. However, whether the exponent 1 is optimal for
the supernorm estimate is still unlear to us.
1.1. Innite Type onvex domains in C2.
Problem. Assume that Ω is a bounded onvex domain in C2. Can one solve the
∂−equation with supnorm estimates on Ω? More preisely, does there exist a on-
stant C = C(Ω) so that whenever f =
∑2
i=1 fi(z)dzi on Ω for bounded measurable
funtions fi on Ω, and ∂f = 0 in the sense of distributions, then is there a measur-
able funtion u(z) on Ω so that ∂u = f and ‖u‖∞ ≤ C‖f‖∞.
We note that we put no restritions on the smoothness of the boundary of Ω.We
note that if we moreover would like to prove that the onstant C(Ω) only depends on
the diameter of Ω, whih is the ase in the orresponding problem for L2 estimates
[7℄, then it sues to study the ase when the domain has smooth boundary and is
strongly onvex.
There is a natural integral kernel to solve the ∂ problem, namely the Henkin
Kernel [4℄:
(1.1) 4π2u(z) =
∫
ζ∈∂Ω
ρζ1(ζ2 − z2)− ρζ2(ζ1 − z1)
[ρζ1(z1 − ζ1) + ρζ2(z2 − ζ2)] |ζ − z|2
f ∧ ω(ζ)
+
∫
ζ∈Ω
f1(ζ1 − z1) + f2(ζ2 − z2)
|ζ − z|4 ω(ζ) ∧ ω(ζ) = Hf +Kf
1
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where ρ is a C1 dening funtion of Ω and ω(ζ) = dζ1 ∧ dζ2.
For smooth nite type onvex domains in C2, the result has been known for some
time (see [9℄). In that paper, Range used Skoda's tehnique to onstrut a dierent
Cauhy-Fantappié kernel and arried out the Hölder estimates for ∂ equations.
Henkin in [5℄ proved the theorem in the ase of the bidis. In this ase, the
integral formula is still valid although the domain does not have smooth boundary.
The methods in the two ases are dierent. In the nite type ase one an
diretly estimate the kernel H and show it is uniformly in L1 for points z ∈ Ω. In
other words one an estimate the integral of the absolute value. For the bidis ase,
this approah fails. Instead Henkin uses an argument involving integration by parts
whih essentially takes the integral over the at fae {|ζ1| = 1} to an integral over
{|ζ2| = 1} and vie versa. For these new integrals one an integrate the absolute
values of the integrands to prove uniform L1 estimates. This idea has been arried
over to more general polyhedra, see [5℄ even in higher dimension. It is not known
whether one an solve for innite type smooth onvex domains.
In this paper we will investigate the ase of some onvex domains whih have a
relatively open part of the boundary whih is Levi at and another part whih is
strongly onvex. For suh domains one an split the boundary into three piees.
One whih is the at points, where one an use the method from Henkins bidis
result, one whih is a ompat uniformly onvex part and a third one whih ontains
strongly onvex points near the at part. The main diulty is to deal with the
third part.
This diulty is already apparent in the ase of smooth domains whih are
strongly onvex exept for one innitely at point. We will disuss this ase and
show that there is a ritial exponent whih deides absolute integrability of the
Henkin kernel. This information motivates how to nd a rounded o polydis
where one an solve ∂ with sup norm estimates.
Our main ase is the following:
Example 1. Let χ : R+ ∪ {0} −→ R+ be a smooth funtion suh that χ′′(t) ≥ 0
everywhere, χ′′(t) > 0 for all t ∈ (1, 1 + a), and
χ(t) =


1, t ∈ [0, 1]
1 + exp
(
− 1
(t−1)
α
2
)
, t ∈ (1, 1 + ǫ)
t− η, t ≥ 1 + a
,
where a > ǫ, η > 0 are small numbers suh that χ′, χ′′, χ′′′ > 0.
Let us dene a domain Ω ⊂ C2 as follows:
Ω =
{
ρ(z1, z2) = χ(|z1|2) + |z2|2 < 4
}
.
We show that we an solve ∂ with supnorm estimates on this domain. Another
interesting example is the attened ball: Ω = {|z|2 + |w|2 < 4,Rew < 1}. In this
ase it is not known whether one has supnorm estimates. The problem seems to
be the boundary points (0, 1 ± i√3) where the omplex gradients of the funtions
(|z|2 + |w|2,Rew) are not omplex linearly independent.
The paper is organized as follows:
In the next setion we reall the proof of Henkins bidis theorem and the strongly
onvex ase. Then in Setion 3 we disuss domains with totally real at parts. In
Setion 4 we disuss the example above. We remark that as an appliation of this
we get supnorm estimates for some rounded bidis.
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2. Bakground Results
2.1. Henkin's integral formula on a bidis.
Proposition 1. Let Ω = {|z1| < 1, |z2| < 1}. There is a onstant C > 0, so that
for any f = f1dz1 + f2dz2 and ∂f = 0 on Ω, ‖f‖∞ <∞.
Then
(2.1) u(z) =
3
4π2
∫
Ω
f1(ζ1 − z1) + f2(ζ2 − z2)
|ζ − z|4 dζ1 ∧ dζ2 ∧ dζ1 ∧ dζ2
+
1
4π2
∫
|ζ2|=1,|ζ1|<1
f1
ζ1 − z1
ζ2 − z2
|ζ − z|2dζ1 ∧ dζ1 ∧ dζ2 +
i
2π
∫
|ζ2|<1
f2(z1, ζ2)
ζ2 − z2 dζ2 ∧ dζ2
− 1
4π2
∫
|ζ1|=1,|ζ2|<1
f2
ζ2 − z2
ζ1 − z1
|ζ − z|2dζ2∧dζ1 ∧dζ2+
i
2π
∫
|ζ1|<1
f1(ζ1, z2)
ζ1 − z1 dζ1∧dζ1
gives a solution for ∂u = f on Ω, ‖u‖∞ ≤ C‖f‖∞.
From now on, we also denote f ≤ Cg for some onstant C by f . g, for simpli-
ation. In [5℄, the details of the proof was not given. For the ompleteness of our
result, we give the detailed omputation here. At the end of the setion, we will
also show the supnorm estimate of the ∂ equation.
Proof. The usual Henkin's integral formula on a domain Ω = {ρ < 0} ⊂ C2 is as
follows:
(2.2) 4π2u(z) =
∫
∂Ω
ρζ1(ζ2 − z2)− ρζ2(ζ1 − z1)
[ρζ1(z1 − ζ1) + ρζ2(z2 − ζ2)] |ζ − z|2
f ∧ dζ1 ∧ dζ2
+
∫
Ω
f1(ζ1 − z1) + f2(ζ2 − z2)
|ζ − z|4 dζ1 ∧ dζ2 ∧ dζ1 ∧ dζ2
Applying this formula on bidisk, we get
4π2u(z) =
∫
Ω
· · ·+
∫
∂Ω
· · · =
∫
Ω
· · ·+
∫
|ζ1|=1,|ζ2|<1
· · ·+
∫
|ζ2|=1,|ζ1|<1
· · · = A1+A2+A3,
where
A1 =
∫
Ω
f1(ζ1 − z1) + f2(ζ2 − z2)
|ζ − z|4 dζ1 ∧ dζ2 ∧ dζ1 ∧ dζ2,
A2 =
∫
|ζ1|=1,|ζ2|<1
ζ1(ζ2 − z2)
ζ1(z1 − ζ1)|ζ − z|2
f ∧ ω(ζ) =
∫
|ζ1|=1,|ζ2|<1
(ζ2 − z2)
(z1 − ζ1)|ζ − z|2 f2dζ2 ∧ ω(ζ),
A3 =
∫
|ζ2|=1,|ζ1|<1
ζ2(ζ1 − z1)
ζ2(z2 − ζ2)|ζ − z|2
f ∧ ω(ζ) =
∫
|ζ2|=1,|ζ1|<1
(ζ1 − z1)
(z2 − ζ2)|ζ − z|2 f1dζ1 ∧ ω(ζ)
and ω(ζ) = dζ1 ∧ dζ2.
Now let us look at A2. We may pik a small ǫ > 0 suh that B(z1, ǫ) =
{ζ : |ζ − z1| < ǫ} ⊂ D1 = {ζ1 : |ζ1| < 1}. Then we apply Stokes' Theorem on
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D1 \B(z1, ǫ) for the boundary integral on |ζ1| = 1:
A2 =
∫
|ζ1|=1,|ζ2|<1
(ζ2 − z2)
(z1 − ζ1)|ζ − z|2 f2dζ2 ∧ ω(ζ)
=
∫
|ζ1−z1|=ǫ,|ζ2|<1
(ζ2 − z2)
(z1 − ζ1)|ζ − z|2 f2dζ2 ∧ ω(ζ) +
∫
D1\B(z1,ǫ),|ζ2|<1
∂
∂ζ1
(· · · )ω(ζ) ∧ ω(ζ)
=
∫
|ζ1−z1|=ǫ,|ζ2|<1
(ζ2 − z2)
(z1 − ζ1)|ζ − z|2 f2dζ2 ∧ ω(ζ)
−
∫
D1\B(z1,ǫ),|ζ2|<1
ζ2 − z2
(z1 − ζ1) ·
ζ1 − z1
|ζ − z|4 f2ω(ζ) ∧ ω(ζ)
+
∫
D1\B(z1,ǫ),|ζ2|<1
ζ2 − z2
(z1 − ζ1) ·
1
|ζ − z|2
∂f2
∂ζ1
ω(ζ) ∧ ω(ζ) = B1 +B2 +B3
As ǫ→ 0, we have
B1 −→ 2πi
∫
|ζ2|<1
f2(z1, ζ2)
ζ2 − z2 dζ2 ∧ dζ2,
B2 −→
∫
Ω
f2(ζ2 − z2)
|ζ − z|4 ω(ζ) ∧ ω(ζ).
We use ∂f = 0 and integration by parts to get
B3 =
∫
D1\B(z1,ǫ),|ζ2|<1
ζ2 − z2
(z1 − ζ1) ·
1
|ζ − z|2
∂f2
∂ζ1
ω(ζ) ∧ ω(ζ)
=
∫
D1\B(z1,ǫ),|ζ2|<1
ζ2 − z2
(z1 − ζ1) ·
1
|ζ − z|2
∂f1
∂ζ2
ω(ζ) ∧ ω(ζ)
=
∫
|ζ2|=1,D1\B(z1,ǫ)
f1
ζ1 − z1
ζ2 − z2
|ζ − z|2 dζ1 ∧ ω(ζ) +
∫
|ζ2|<1,D1\B(z1,ǫ)
f1(ζ1 − z1)
|ζ − z|4 ω(ζ) ∧ ω(ζ)
−→
∫
|ζ2|=1,|ζ1|<1
f1
ζ1 − z1
ζ2 − z2
|ζ − z|2 dζ1 ∧ ω(ζ) +
∫
Ω
f1(ζ1 − z1)
|ζ − z|4 ω(ζ) ∧ ω(ζ).
Therefore we have
(2.3) A2 = B1 +B2 +B3
= 2πi
∫
|ζ2|<1
f2(z1, ζ2)
ζ2 − z2 dζ2 ∧ dζ2 +
∫
Ω
f2(ζ2 − z2)
|ζ − z|4 ω(ζ) ∧ ω(ζ)
+
∫
|ζ2|=1,|ζ1|<1
f1
ζ1 − z1
ζ2 − z2
|ζ − z|2 dζ1 ∧ ω(ζ) +
∫
Ω
f1(ζ1 − z1)
|ζ − z|4 ω(ζ) ∧ ω(ζ)
= A1 +
∫
|ζ2|=1,|ζ1|<1
f1
ζ1 − z1
ζ2 − z2
|ζ − z|2dζ1 ∧ ω(ζ) + 2πi
∫
|ζ2|<1
f2(z1, ζ2)
ζ2 − z2 dζ2 ∧ dζ2
Calulation of A3 is similar. Hene we get (2.1) as in the Proposition.
We show next that the solution u in (2.1) is bounded if |f | is bounded. It sues
to estimate the seond and fourth expression on the right side. Sine they are
symmetri, it sues to do the seond one.
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Notie that a + b & a2/3b1/3 if a > 0, b > 0. Hene we have |z − ζ|2 & |z1 −
ζ1|2/3|z2 − ζ2|4/3. Therefore
1
|ζ1 − z1|
|ζ2 − z2|
|ζ − z|2 .
1
|ζ1 − z1|
|ζ2 − z2|
|ζ1 − z1|2/3|ζ2 − z2|4/3
=
1
|ζ1 − z1|5/3
1
|ζ2 − z2|1/3
Then the integrand in the seond expression of (2.1) is integrable. 
2.2. Henkin's integral formula on a strongly onvex domain. The estimate
of the Henkin's integral formula is well known for strongly pseudoonvex domains
(see [4℄). Here we inlude the proof for strongly onvex domains rst beause the
method we use is dierent from that in [4℄ and also beause the estimtates for other
speial domains in setion 3 and 4 are based on the estimate we show below. Hene
it would not inonveniene the reader if we skip the estimate in setion 3 and 4
whih are the same as in the ase for strongly onvex domains.
Proposition 2. Let Ω = {ρ < 0} ⊂ Cn be a smoothly bounded strongly onvex
domain. Let ∂u = f and ∂f = 0 on Ω, for f ∈ C∞(Ω). Then we have ‖u‖∞ .
‖f‖∞, where ‖u‖∞ = sup
{|u(z)| : z ∈ Ω}.
Proof. It sues to show that the integral Hf in (1.1) is bounded. Reall the
formula for Hf :
Hf(z) =
∫
ζ∈∂Ω
ρζ1(ζ2 − z2)− ρζ2(ζ1 − z1)
[ρζ1(z1 − ζ1) + ρζ2(z2 − ζ2)] |ζ − z|2
f ∧ ω(ζ).
Let F (z, ζ) = ρζ1(z1 − ζ1) + ρζ2(z2 − ζ2). Then we have
|Hf(z)| .
∫
ζ∈∂Ω
|f1|dζ1 + |f2|dζ2
(|ImF |+ |ReF |)|ζ − z| ∧ ω(ζ).
If we let z = (x1 + ix2, x3 + ix4) and ζ = (t1 + it2, t3 + it4), then
ReF (z, ζ) =
1
2
4∑
j=1
∂ρ
∂tj
(xj − tj).
For xed ζ ∈ ∂Ω, the Taylor expansion of ρ at ζ evaluated at z ∈ Ω is as follows:
ρ(z) = 2ReF (z, ζ) +
1
2
4∑
j,k=1
∂2ρ
∂tj∂tk
(xj − tj)(xk − tk) +O(|z − ζ|3)
≥ 2ReF (z, ζ) + C|z − ζ|2 +O(|z − ζ|3).
Hene for δ > 0 small enough, we have
(2.4) |ReF (z, ζ)| ≥ C′|z − ζ|2, for z ∈ Ω, |z − ζ| < δ,
sine ReF (z, ζ) ≤ 0. We may assume ‖∇ρ(ζ)‖ = 1 for all ζ ∈ ∂Ω. Then
|ReF (z, ζ)| is omparable to the square of the distane from z ∈ Ω to the real
tangent plane to ∂Ω at ζ ∈ ∂Ω. Hene if z ∈ Ω and |z − ζ| > δ, then |ReF (z, ζ)| ≥
inf
{|ReF (z, ζ)| : |z − ζ| = δ, z ∈ Ω} & δ2. Therefore we have
|Hf(z)| .
∫
ζ∈∂Ω,|z−ζ|≤δ
· · ·+
∫
ζ∈∂Ω,|z−ζ|>δ
· · · = I + II
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and II . ‖f‖∞. Therefore it is suient to show I . ‖f‖∞. Let z ∈ Ω be xed
suh that Sz,δ = {ζ ∈ ∂Ω : |z − ζ| ≤ δ} 6= ∅. May assume δ > 0 is small enough
suh that ∂ρ/∂t3 ≈ 1 on Sz,δ. Then we have dρ = ρt1dt1 + ρt2dt2 + ρt3dt3 + ρt4dt4
and
dt3 =
−1
ρt3
(ρt1dt1 + ρt2dt2 + ρt4dt4), on Sz,δ.
Therefore |dζ1 ∧ ω(ζ)| ≈ dt1dt2dt4 and |dζ2 ∧ ω(ζ)| ≈ dt1dt2dt4. So we have
(2.5) I . ‖f‖∞
∫
(t1−x1)2+(t2−x2)2+(t4−x2)2<δ
1
(|ImF |+ |ReF |)|ζ − z|dt1dt2dt4.
It is easy to hek that ∂ImF/∂t4 6= 0 near Sz,δ. Hene the Jaobian of the
oordinate hange mapping Φ(t) = (t1, t2, t4) → (t1, t2, ImF ) does not vanish on
Sz,δ. We have
I . ‖f‖∞
∫
(t1−x1)2+(t2−x2)2+(t4−x2)2<δ
1
(|t4|+ |ReF |)|ζ1 − z1|dt1dt2dt4(2.6)
. ‖f‖∞
∫
(t1−x1)2+(t2−x2)2<δ
∣∣∣ ln(|ReF |+√δ)− ln |ReF |∣∣∣
|ζ1 − z1| dt1dt2
. ‖f‖∞
∫
(t1−x1)2+(t2−x2)2<δ
| ln |ReF ||
|ζ1 − z1| dt1dt2
By (2.4), we get
I . ‖f‖∞
∫
(t1−x1)2+(t2−x2)2<δ
| ln |ReF ||
|ζ1 − z1| dt1dt2(2.7)
. ‖f‖∞
∫
(t1−x1)2+(t2−x2)2<δ
| ln(|z1 − ζ1|2 + |z2 − ζ2|2)|
|ζ1 − z1| dt1dt2
. ‖f‖∞
∫
(t1−x1)2+(t2−x2)2<δ
| ln |z1 − ζ1||
|ζ1 − z1| dt1dt2.
Let us use polar ooridnates for (t1, t2) suh that |z1− ζ1| = r and t1 = x1+ r cos θ.
Then we get
I . ‖f‖∞
∫
r<δ
| ln r|
r
r dr . ‖f‖∞ .

3. Some onvex domains with totally real flat parts
In this setion we shall study smoothly bounded onvex domains in C2 whih is
strongly onvex exept on some totally real at boundary piees. We assume those
at parts to be of exponentially innite type.
As one an see in the proof of Proposition 2, to disuss the integrability of the
Henkin kernel H in (1.1), it is enough to onsider the ase when z is lose to the
boundary and the integral on a small boundary piee lose to z. For the domains
we onsider in this setion, if z is lose to the strongly onvex boundary point and if
one an hoose a small neighborhood around z suh that the boundary piee in that
neighborhood is strongly onvex, then we an use the same estimates as in (2.6)
and (2.7) and the integral is nite on that boundary piee. Therefore it is enough
to onsider the ase when z is lose to the exponentially at points, and evaluate
the integral on Sz,δ = {ζ ∈ ∂Ω : |z − ζ| < δ}.
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Lemma 3. If a C2-funtion φ : R+ ∪ {0} −→ R+ ∪ {0} satises φ′(t) ≥ 0 and
φ′′(t) ≥ 0 for all t ∈ R+ ∪ {0}, then ψ(x) := φ(x21 + · · ·+ x2n) is a onvex funtion
on Rn.
The proof is straightforward and is omitted here.
Lemma 4. Let φ be a smooth funtion on R+ ∪ {0} suh that φ(0) = φ′(0) = 0,
φ′′(t) ≥ 0, and φ′′′(t) ≥ 0, for all t ∈ R+ ∪ {0}. Let p, q ∈ R+ ∪ {0}. Then we have
φ(q)− φ(p)− φ′(p)(q − p) ≥ φ(q − p), if 0 ≤ p ≤ q,
and
φ(q)− φ(p)− φ′(p)(q − p) ≥ φ′′
(
p+ q
2
)(
p− q
2
)2
, if 0 ≤ q < p.
Proof. Let us assume 0 ≤ p ≤ q and let q = p+ s. We want to show the following:
g(p, s) = φ(p+ s)− (φ(p) + sφ′(p))− φ(s) ≥ 0, ∀p, s ≥ 0.
Obviously g(0, s) = 0. Moreover ∂g/∂p = φ′(p+ s)− φ′(p)− sφ′′(p) ≥ 0 sine φ′ is
a onvex funtion on R+ ∪ {0}. Therefore g(p, s) ≥ 0 for all p, s ≥ 0.
Now assume 0 ≤ q < p and let p = q+s, s > 0. Let h(q, s) = φ(q+s)−φ′(q+s)s.
Then we have h(q, 0) = φ(q) and ∂h/∂s = −φ′′(q+ s)s ≤ 0. Hene we get h(q, 0)−
h(q, s) ≥ h(q, s/2)− h(q, s). Note that ∂2h/∂s2 = −φ′′′(q + s) ≤ 0. Therefore we
have
h (q, s/2)− h(q, s)
−s/2 ≤
∂h
∂s
(q, s/2).
Hene
φ(q)−φ(p)−φ′(p)(q−p) = h(q, 0)−h(q, s) ≥ s
2
4
φ′′
(
q +
s
2
)
= φ′′
(
p+ q
2
)(
p− q
2
)2
.

We onstrut two smoothly bounded onvex domains Ω1,Ω2 ⊂ C2 as follows.
Loally, we study ∂Ω1 ∩ B(0, ǫ) ⊂ {ρ(z) = Re z2 + exp(−1/|z1|α) = 0} and ∂Ω2 ∩
B(0, ǫ) ⊂ {ρ(z) = Re z2 + exp(−1/|Re z1|α) = 0}. Here ǫ is small enough so that
exp(−1/|z1|α) and exp(−1/|Re z1|α) are onvex if |z1| < ǫ. As one an see, the
boundaries of Ω1 and Ω2 are strongly onvex everywhere exept along the imaginary
z2 axis in Ω1 and along both imaginary z1, z2 axis in Ω2. Moreover, in the origin
in Ω1 and in the imaginary z1 axis in Ω2, the boundaries are of exponentially
innite type. To get bounded onvex domains in C
2
, we need the following pathing
Proposition:
Proposition 5. Let Ω ⊂ Cn be a smoothly bounded domain and 0 ∈ ∂Ω. Then there
exists a domain Ω˜ ⊂⊂ Cn suh that ∂Ω˜ is smooth and ∂Ω˜ ∩B(0, ǫ) = ∂Ω ∩B(0, ǫ)
for some small ǫ > 0 and that ∂Ω˜ is strongly onvex exept possibly on ∂Ω˜∩B(0, 2ǫ).
Moreover if Ω is onvex, then Ω˜ an be hosen to be bounded onvex.
Proof. We use Lemma 3 with the following funtion:
(3.1) ψ(t) =
{
0, t ∈ [0, ǫ2),
e−1/(t−ǫ
2)(t2 − ǫ4), t ≥ ǫ2.
Then ψ : [0,∞) −→ [0,∞) is a smooth onvex funtion and we have ψ′(t) >
0, ψ′′(t) > 0 if t > ǫ2. Moreover, there exists β > 0 suh that ψ′′(t) > β if t > 4ǫ2.
Let ρ be a smooth loal dening funtion of Ω near 0, i.e., Ω∩U = {ρ < 0}∩U for
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some neighborhood of U . We onsider Ω˜ =
{
z ∈ Cn : ρ+Mψ(|z|2) < 0} with some
appropriate onstant M > 0. Sine ψ(t) −→ ∞ as t → ∞, learly Ω˜ ⊂⊂ Cn. Also
Ω˜∩B(0, ǫ) = Ω∩B(0, ǫ), where ǫ > 0 is hosen small enough that B(0, ǫ) ⊂ U . We
may hoose M large enough that Ω˜ is strongly onvex on ∂Ω˜ \B(0, 2ǫ). 
Using Proposition 5, we now have onstruted two smoothly bounded onvex
domains Ω1,Ω2 ⊂ C2 suh that
Ω1 =
{
ρ(z) = Re z2 + exp(−1/|z1|α) +Mψ(|z|2) < 0
}
, and
Ω2 =
{
ρ(z) = Re z2 + exp(−1/|Re z1|α) +Mψ(|z|2) < 0
}
,
(3.2)
where ψ is given as in (3.1).
Theorem 6. Let α < 1 on both of the two ases in (3.2), then the solution to the
∂-equation ∂u = f , for f = f1dz1 + f2dz2, f ∈ C∞(Ωj) and ∂f = 0, satises
‖u‖∞ . ‖f‖∞.
Proof. We show that the Henkin integral is bounded on Ω1 and Ω2. We will split
the boundary into three types of piees. For strongly onvex boundary piees, we
use the same method as in Proposition 2. For piees in B(0, ǫ), The estimate (2.6)
still holds for z and ζ lose to 0. By the following Proposition 7 and Proposition
8, we will show the estimate is valid near 0. For the piees on ∂B(0, ǫ) ∩ Ω where
the dening equation is not stritly onvex, the same method as in Proposition 7
and Proposition 8 an still be applied. Indeed, in the proof of those propositions we
only used the estimates in Lemma 4. The estimates of |ReF | ontinue to be valid.
We leave this part to the reader.
We follow the same method as in Proposition 2 and get (2.6). It omes down to
estimating |ReF | near 0 for eah of these two speial ases, where
F (z, ζ) = ρζ1(z1 − ζ1) + ρζ2(z2 − ζ2).
Proposition 7. Let Ω ∩B(0, δ) = {ρ(z) = Re z2 + exp (−1/|z1|α) < 0}. Then, for
suiently small δ > 0, we have∫
√
t21+t
2
2<δ
| ln |ReF (z, ζ)||
|z1 − ζ1| dt1dt2 <∞,
for z ∈ Ω ∩B(0, δ), if α < 1.
Proof. Let φ(t) = exp
(−1/tα/2). Then we have ρ(z) = Re z2 + φ(|z1|2). Sine
ζ ∈ ∂Ω, we have Re ζ2 = −φ(|ζ1|2). Hene we get
ReF = Reφ′(|ζ1|2)ζ1(z1 − ζ1) +
1
2
Re (z2 − ζ2)
= φ′(|ζ1|2)Re ζ1(z1 − ζ1) +
1
2
(
Re z2 + φ(|ζ1|2)
)
Sine ReF ≤ 0 and Re z2 + φ(|z1|2) ≤ 0, we have
|ReF | = −ReF = φ′(|ζ1|2)
[|ζ1|2 − Re ζ1z1]− 12φ(|ζ1|2)− 12Re z2
≥ φ′(|ζ1|2)
[|ζ1|2 − Re ζ1z1]− 12φ(|ζ1|2) + 12φ(|z1|2)
≥ 1
2
[
φ′(|ζ1|2)(|ζ1|2 − |z1|2)− φ(|ζ1|2) + φ(|z1|)2
]
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Apply Lemma 4 with p = |ζ1|2 and q = |z1|2. Then we get
|ReF | ≥ 1
2
φ(|z1|2 − |ζ1|2), if |z1| ≥ |ζ1| and
|ReF | ≥ 1
2
φ′′
( |z1|2 + |ζ1|2
2
)( |ζ1|2 − |z1|2
2
)2
if |z1| < |ζ1|.
Hene we have∫
|t|<δ
| ln |ReF (z, ζ)||
|z1 − ζ1| dt1dt2 .
∫
|t|<δ,|z1|≥|ζ1|
| lnφ(|z1|2 − |ζ1|2)|
|z1 − ζ1| dt1dt2
+
∫
|t|<δ,|z1|<|ζ1|
| ln (φ′′((|z1|2 + |ζ1|2)/2)(|ζ1|2 − |z1|2)2/4) |
|z1 − ζ1| dt1dt2
.
∫
|t|<δ
| lnφ(|z1|2 − |ζ1|2)|
|z1 − ζ1| dt1dt2+
∫
|t|<δ
| ln (φ′′((|z1|2 + |ζ1|2)/2)(|ζ1|2 − |z1|2)2/4) |
|z1 − ζ1| dt1dt2
= I + II.
We shall show that I <∞ and II <∞. Let us rst onsider I:
(3.3) I .
∫ | lnφ(|z1|2 − |ζ1|2)|
|z1 − ζ1| dt1dt2 .
∫
1
||z1|2 − |ζ1|2|α/2 |z1 − ζ1|
dt1dt2
Let us use the polar oordinate entered at z1 and let ζ1 = z1 + re
iθ
. Then we get
I .
∫ 2π
0
∫ 1
0
[
1
r(r + (z1e−iθ + z1eiθ))
]α/2drdθ
.
∫ 2π
0
∫ 1
0
[
1
r2
+
1
(r + (z1e−iθ + z1eiθ))2
]α/2drdθ
.
∫ 2π
0
∫ 1
0
(
1
r
)α +
[ 1
r + (z1e−iθ + z1eiθ)
]α
drdθ <∞,
if α < 1.
Now let us onsider II. We have
φ′(t) = exp
(
−1/tα/2
) α
2
1
t1+α/2
;
φ′′(t) = exp
(
−1/tα/2
) 1
t2+α
α
2
[α
2
−
(
1 +
α
2
)
tα/2
]
≥ C(α) exp
(
−1/tα/2
) 1
t2+α
,(3.4)
if we hoose δ > 0 suiently small suh that that φ′′(t) ≥ 0 for all t < δ2. Therefore
we get
II .
∫
|t|<δ
(
1
(|z1|2 + |ζ1|2)α/2 +
∣∣∣ ln ||z1|2 − |ζ1|2|∣∣∣
)
1
|z1 − ζ1|dt1dt2
.
∫
|t|<δ
(
1
|z1 − ζ1|α
)
1
|z1 − ζ1|dt1dt2 <∞,
if α < 1. 
Proposition 8. Let Ω ∩ B(0, δ) = {ρ(z) = Re z2 + exp (−1/|Re z1|α) < 0}. Then
we have ∫
√
t21+t
2
2<δ
| ln |ReF (z, ζ)||
|z1 − ζ1| dt1dt2 <∞,
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for z ∈ Ω ∩B(0, δ), if α < 1.
Proof. Let φ(t) = exp
(−1/tα/2). Then we have ρ(z) = Re z2 + φ(|Re z1|2). Sine
ζ ∈ ∂Ω, we have −Re ζ2 = φ(|Re ζ1|2). Hene we get
2ReF = φ′(t21)2t1(x1 − t1) + (Re z2 − Re ζ2)
= φ′(t21)2t1(x1 − t1) +
(
Re z2 + φ(t
2
1)
)
Sine ReF ≤ 0 and Re z2 + φ(|z1|2) ≤ 0, we have
|2ReF | = −2ReF = 2φ′(t21)(t21 − t1x1)− (Re z2 + φ(t21))
≥ φ′(t21)
(
t21 − x21
)− φ(t21) + φ(x21).
Apply Lemma 4 with p = t21 and q = x
2
1. Then we get
|ReF | ≥ 1
2
φ(x21 − t21) if x21 ≥ t21 and
|ReF | ≥ 1
2
φ′′
(
x21 + t
2
1
2
)(
t21 − x21
2
)2
if x21 < t
2
1.
Hene we have∫
|t|<δ
| ln |ReF (z, ζ)||
|z1 − ζ1| dt1dt2
.
∫
|t|<δ,|x1|≥|t1|
| lnφ(x21 − t21)|
|z1 − ζ1| dt1dt2+
∫
|t|<δ,|x1|<|t1|
| ln (φ′′((x21 + t21)/2)(t21 − x21)2/4) |
|z1 − ζ1| dt1dt2
.
∫
|t|<δ
| lnφ(|x21 − t21|)|
|z1 − ζ1| dt1dt2+
∫
|t|<δ
| ln (φ′′((x21 + t21)/2)(t21 − x21)2/4) |
|z1 − ζ1| dt1dt2 = I+II.
We shall show that I, II <∞. First let us onsider I. If we assume α < 1, then we
an nd ǫ > 0 suh that α+ 2ǫ < 1 and we have
I .
∫
1
|x21 − t21|α/2|z1 − ζ1|
dt1dt2
=
∫
1
|x1 + t1|α/2|x1 − t1|α/2|x1 − t1|ǫ|x2 − t2|1−ǫ dt1dt2
.
(∫
|t1|<1
1
|x1 + t1|α dt1
)1/2(∫
|t1|<1
1
|x1 − t1|α+2ǫ dt1
)1/2
<∞.
Let us onsider II. From (3.4), we get
II .
∫
|t|<δ
(
1
(x21 + t
2
1)
α/2
+ | ln |x21 − t21||
)
1
|z1 − ζ1|dt1dt2
.
∫
|t|<δ
(
1
|x1 − t1|α
)
1
|x1 − t1|ǫ|x2 − t2|1−ǫ dt1dt2 <∞,
if we hoose ǫ > 0 suh that α+ ǫ < 1. 
The proof of Theorem 5 is thus omplete. 
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4. rounding off a ball ut by a ylinder
Let's reall Example 1:
Let χ : R+ ∪ {0} −→ R+ be a smooth funtion suh that χ′′(t) ≥ 0 everywhere,
χ′′(t) > 0 for all t ∈ (1, 1 + a), and
χ(t) =


1, t ∈ [0, 1]
1 + exp
(
− 1
(t−1)
α
2
)
, t ∈ (1, 1 + ǫ)
t− η, t ≥ 1 + a
,
where a > ǫ > 0 are small numbers, 0 < η < a. Let us dene a domain Ω ⊂ C2 as
follows:
Ω =
{
ρ(z1, z2) = χ(|z1|2) + |z2|2 < 4
}
.
Proposition 9. If α < 1, then the solution u to the ∂ equation for the domain in
Example 1 has supnorm estimates ‖u‖∞ . ‖f‖∞.
Proof. Note that
(4.1) ∂Ω =
{|z1| ≤ 1, |z2|2 = 3}
∪ {1 < |z1|2 < 1 + a, χ(|z1|2) + |z2|2 = 4}
∪ {|z1|2 > 1 + a, |z1|2 + |z2|2 = 4 + η} = P1 ∪ P2 ∪ P3.
Solve ∂u = f = f1dz1 + f2dz2 on Ω using Henkin integral:
(4.2) 4π2u(z) =
∫
∂Ω
ρζ1(ζ2 − z2)− ρζ2(ζ1 − z1)
F (z, ζ)|ζ − z|2 f ∧ dζ1 ∧ dζ2
+
∫
Ω
f1(ζ1 − z1) + f2(ζ2 − z2)
|ζ − z|4 dζ1 ∧ dζ2 ∧ dζ1 ∧ dζ2
=
∫
P1
· · ·+
∫
P2
· · ·+
∫
P3
· · ·+
∫
Ω
· · · = u1 + u2 + u3 + u4,
where
F (z, ζ) = ρζ1(z1 − ζ2) + ρζ2(z2 − ζ2).
We shall show that
‖uj‖∞ . ‖f‖∞ , j = 1, 2, 3, 4.
The proof of ‖u4‖∞ . ‖f‖∞ has been inluded in the literature. The estimates on
u2 and u3 are also omitted here, as they are exatly the same as in Proposition 1
and Proposition 2.
For the estimate of ‖u2‖∞, we rst ompute
F (z, ζ) =
∂ρ
∂ζ1
(ζ)(z1 − ζ1) + ∂ρ
∂ζ2
(ζ)(z2 − ζ2)
= e
− 1
(|ζ1|
2−1)
α
2
αζ1(z1 − ζ1)
2(|ζ1|2 − 1)α2 +1
+ ζ2(z2 − ζ2).
Notie on P2, it's stritly onvex exept at those points (ζ1, ζ2) so that (|ζ1|, |ζ2|) =
(1,
√
3), The integrand in u2 beomes most singular when (z1, z2) is near those
boundary points. From now on we assume (|z1|, |z2|) ∈ Ω, (|ζ1|, |ζ2|) ∈ ∂Ω are
both lose to (1,
√
3). We an also assume that f = f1dz1. Indeed, sine ρ = 0,
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ρζ1dζ1+ρζ1dζ1+ρζ2dζ2+ρζ2dζ2 = 0 on ∂Ω. Therefore dζ2 = d1dζ1+d2dζ1+d3dζ2,
where d1, d2 = o(1). Then dζ2 ∧ dζ1 ∧ dζ2 = o(1)dζ1 ∧ dζ1 ∧ dζ2.
|A| ≤ ‖f‖∞
∫
1<|ζ1|<1+ǫ,χ(|ζ1|2)+|ζ2|2=4
1
|F ||z1 − ζ1|dζ1 ∧ dζ1 ∧ dζ2
+ ‖f‖∞
∫
1+ǫ<|ζ1|<1+a,χ(|ζ1|2)+|ζ2|2=4
1
|F ||z1 − ζ1|dζ1 ∧ dζ1 ∧ dζ2 := I + II.
I ≤ ‖f‖∞
∫
1<|ζ1|<1+ǫ,χ(|ζ1|2)+|ζ2|2=4
1
|F ||z1 − ζ1|dζ1 ∧ dζ1 ∧ dζ2
= ‖f‖∞
∫
1<|ζ1|<1+ǫ,χ(|ζ1|2)+|ζ2|2=4
1
|z1 − ζ1|(|ReF |+ |ImF |)dζ2 ∧ dζ1 ∧ dζ1.
II . ‖f‖∞.
Sine
∂ImF
∂ζ2
≈ 1 as ζ2 ≈
√
3, by taking hange of oordinates, we an assume the
last integration is atually over dImF ∧ dζ1 ∧ dζ1. Therefore
I ≤ ‖f‖∞
∫
1<|ζ1|<1+ǫ
ln(|ReF |)
|z1 − ζ1| dζ1 ∧ dζ1.
Here,
ReF = e
− 1
(|ζ1|
2−1)
α
2
αRe (ζ1(z1 − ζ1))
2(|ζ1|2 − 1)α2 +1
+ Re (ζ2z2)− 3 + e
− 1
(|ζ1|
2−1)
α
2 .(4.3)
We need the following lemma:
Lemma 10. Let ReF be given by (4.3) and let φ(t) = e
− 1
t
α
2
for t > 0, φ(0) = 0.
Denote y = Re ζ1z1 − 1 and x = |ζ1|2 − 1. Then
(4.4) |ReF | ≥


φ(y − x), if y ≥ x ≥ 0
φ′′
(
x−y
2
) (
x−y
2
)2
, if 0 ≤ y ≤ x
φ′′
(
x
2
) (
x
2
)2
, if y ≤ 0
.
Proof. Sine ζ ∈ P2, z ∈ Ω, we have
φ(|ζ1|2 − 1) + |ζ2|2 − 3 = 0,
φ(
∣∣|z1|2 − 1∣∣) + |z2|2 − 3 < 0.
Notie Re ζ1z1 ≤ 12 |ζ1|2+ 12 |z1|2, Re ζ2z2 ≤ 12 |ζ2|2+ 12 |z2|2. Moreover, φ is inreasing
and onvex when t is lose to 0+. So
φ(|y|) ≤ φ(1
2
(|ζ1|2 − 1) + 1
2
∣∣|z1|2 − 1)∣∣) ≤ 1
2
φ(|ζ1|2 − 1) + 1
2
φ(
∣∣|z1|2 − 1∣∣)
≤ 1
2
(3− |ζ2|2) + 1
2
(3− |z2|2)
= 3− (1
2
|ζ2|2 + 1
2
|z2|2)
≤ 3− Re ζ2z2.
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Therefore if y ≥ 0,
ReF = φ′(x)(y − x) + Re (ζ2z2)− 3 + φ(x)
≤ φ′(x)(y − x)− φ(y) + φ(x).
Applying Lemma 4 to the above, we have the estimates in (4.4).
If y ≤ 0,
ReF = φ′(x)(y − x) + Re (ζ2z2)− 3 + φ(x)
= φ′(x)(0 − x)− φ(0) + φ(x)
≤ −φ′′
(x
2
)(x
2
)2
.

We then have
I .‖f‖∞{
∫
1<|ζ1|<1+ǫ,y≥x
1
|Re (ζ1z1 − |ζ1|2)|
α
2 |z1 − ζ1|
dζ1 ∧ dζ1∫
1<|ζ1|<1+ǫ,0≤y≤x
| ln(|ζ1|2 − Re (ζ1z1))|
(|ζ1|2 − Re (ζ1z1))α2 |z1 − ζ1|
dζ1 ∧ dζ1
+
∫
1<|ζ1|<1+ǫ,y≤0
∣∣ ln(|ζ1|2 − 1)|∣∣
(|ζ1|2 − 1)α2 |z1 − ζ1|
dζ1 ∧ dζ1}
:=‖f‖∞(A1 +A2 +A3).
Here,
A1 ≤ {
∫
1<|ζ1|<1+ǫ,y≥x
[
Re (
1
ζ1
1
z1 − ζ1 )
]α
2 | 1
z1 − ζ1 |dζ1 ∧ dζ1
≤ {
∫
1<|ζ1|<1+ǫ
[ 1
|ζ1|
1
|z1 − ζ1|
]α
2 | 1
z1 − ζ1 |dζ1 ∧ dζ1
. {
∫
1<|ζ1|<1+ǫ
| 1
z1 − ζ1 |
1+α2 dζ1 ∧ dζ1 <∞
A2 ≤
∫
1<|ζ1|<1+ǫ
| ln |ζ1 − z1||
|ζ1 − z1|1+α2
dζ1 ∧ dζ1 <∞,
when α < 1.
For A3, we need to use the inequality a
p + bq & ab for a, b ≥ 0 and 1/p+ 1/q =
1, p, q > 1. Now sine α < 1, we an hoose p0 > 2 so that
p0α
2 < 1 and q0 satisfy
1/p0 + 1/q0 = 1. Then q0 < 2.
A3 ≤
∫
1<|ζ1|<1+ǫ
∣∣ ln(|ζ1|2 − 1)|∣∣p0
(|ζ1|2 − 1)
p0α
2
dζ1 ∧ dζ1 +
∫
1<|ζ1|<1+ǫ
1
|z1 − ζ1|q0 dζ1 ∧ dζ1
≤
∫
1<|ζ1|<1+ǫ
∣∣ ln(|ζ1|2 − 1)|∣∣p0
(|ζ1|2 − 1)
p0α
2
dζ1 ∧ dζ1 + const.
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In the rst integral, take the polar oordinates ζ = reiθ . Then
A3 .
∫
1<r<1+ǫ
| ln(r2 − 1)|p0
(r2 − 1) p0α2 dr + const
.
∫
1<r<1+ǫ
| ln(r − 1)|p0
(r − 1) p0α2 dr + const <∞,
by our hoies of p0, q0. 
One an similarly onsider the domain obtained by rounding o the orners of a
bidis. See the following example:
Example 2. Let
χ(t) =


1− a, t ≤ 1− a
k exp
(
− 1
(t2 − (1− a)2)α2
)
+ 1− a, t > 1− a,
where a > 0 is a small onstant suh that χ(t) is onvex on [0, 1] and k is a onstant
hosen suh that χ(1) = 1, i.e.,
k = a · exp
(
1
(2a− a2)α2
)
.
Let
Ω = {ρ(z) = χ(|z1|) + χ(|z2|)− 2 + a < 0} ⊂ C2.
As we an see, the boundary of Ω onsists of the following sets:
(4.5) ∂Ω = {|z1| ≤ 1− a, |z2| = 1} ∪ {|z1| = 1, |z2| ≤ 1− a}
∪ {|z1|, |z2| > 1− a, ρ(z1, z2) = 0} = P1 ∪ P2 ∪ P3.
Integrals on at piees P1 and P2 fall into the Henkin's bidis situation. The
supernorm estimates of the integral over rounding o piee P3 an be arried out
the same way as we disussed in Example 1 when α < 1.
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